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Abstract. We construct a compactification M^ 88 of the Uhlenbeck-Donaldson type for 
the moduli space of slope stable framed bundles. This is a kind of a moduli space of slope 
semistable framed sheaves. We show that there exists a projective morphism 7: A-/ ss — > 
M^ ss , where M ss is the moduli space of S-equivalence classes of Gieseker-semistable framed 
sheaves. The space M^ ss has a natural set-theoretic stratification which allows one, via a 
Hitchin-Kobayashi correspondence, to compare it with the moduli spaces of framed ideal 
instantons. 
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2 uhlenbeck-donaldson compactification for framed sheaves 

1. Introduction 

Let X be a smooth complex projective surface, and let M M (c) be the moduli space of /in- 
stable (also called slope stable) locally-free coherent Ox-modules of numerical class c. One 
can obtain a compactification of Af(c) by taking closure in the Gieseker-Maruyama moduli 
space space M ss (c), formed by the S-equivalence classes of Gieseker-semistable coherent Ox- 
modules. On the other hand, by the so-called Hitchin-Kobayashi correspondence M M (c) 
may be regarded as a moduli space of bundles carrying a Hermitian- Yang-Mills metric; as 
such, it admits a differential-geometric compactification, called the Uhlenbeck-Donaldson 
compactification N(c), which is obtained by adding to M M (c) two types of degenerate ob- 
jects: singular Hermitian- Yang-Mills metrics, called "ideal instantons", and reducible met- 
rics, called "parabolic ends". In a 1993 paper Jun Li showed that N(c) may be given a 
structure of a scheme over C, and constructed a morphism M ss (c) — » N(c), which on M M (c) 
restricts to an isomorphism [10]. With that scheme structure, N(c) may be regarded as 
a sort of moduli space of /i-semistable sheaves, under an identification which is somehow 
stronger than S-equivalence [9]. 

In this paper we consider pairs formed by a bundle on a smooth polarized projective 
surface, together with a framing. A notion of stability exists for such objects, depending on 
an additional parameter 5 which is a polynomial with rational coefficients. This notion of 
stability gives rise to a GIT moduli space [8]. The main result of this paper is the con- 
struction of an Uhlenbeck-Donaldson compactification M MSS (c, S) for the /i-polystable part 
ikP- poly (c, 6) of this moduli space. This is accomplished by following rather closely the con- 
struction of the Uhlenbeck-Donaldson compactification of the moduli space of (unframed) 
vector bundles, as done, e.g., in [9]. A first key ingredient is, as always, a boundedness 
result for the family iS^ ss (c, 5) of /i-semistable framed sheaves on X (Proposition 13. 2ft with 
numerical class c. After introducing an appropriate Quot scheme, this family is realized as 
a locally closed subset i? Atss (c, 5) in the Quot scheme, and a suitable semiample line bundle 
on i?^ ss (c, 5) is picked out. The moduli scheme M /iSS (c, 5) cannot be defined as a geometric 
quotient, hence it is defined in an ad hoc way, cf. Definition SJ3 The Jordan- Holder filtration 
allows one to introduce a set-theoretic stratification in the space M MSS (c, 5). 

Let A be a smooth projective surface, D a divisor on X satisfying some numerical con- 
ditions, and J 7 a rank r vector bundle on D, which is semistable or satisfies a slightly more 
general stability condition. The following property was proved in pQ: given a torsion- free 
rank r sheaf £ on X and an isomorphism : £ \ D — > J 7 , one can choose a polarization H in 
X and a stability condition for framed sheaves in such a way that the pair (£, 0) is stable in 
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Huybrechts-Lehn's sense. Moreover, the choice of the polarization and that of the stability 
condition only depend on the pair (D, J 7 ) and on the numerical class of £. This means that 
the moduli space of such pairs embeds into a moduli space of stable pairs, and therefore 
we can restrict the Uhlenbeck-Donaldson compactification to it. Via the Hitchin-Kobayashi 
correspondence, this allows one to look at M MSS (c, 5) as a quasi-projective scheme struc- 
ture on the compactified moduli space of instantons. In the framed case, a quasi-projective 
Uhlenbeck-Donaldson type compactification has been previously known only for A = P 2 . It 
was constructed by Nakajima in [H] by completely different techniques, using the ADHM 
data and hyperkahler quotients. 

Acknowledgments. This paper was mostly written during the first and third author's 
stays at Universite de Lille I. They acknowledge the financial support and the warm hospi- 
tality. The authors also thank D. E. Diaconescu, D. Huybrechts and F. Sala for discussions, 
and the anonymous referee for useful remarks and suggestions. 



2. A QUOT SCHEME FOR FRAMED SHEAVES 

Let A be a smooth ci-dimensional projective variety over an algebraically closed field k 
of characteristic zero, H an ample class on it, J 7 a coherent sheaf on A, c G A(A) num 
a numerical K-theory class, P c the corresponding Hilbert polynomial. We shall consider 
pairs (£, [0]), where £ is a coherent sheaf on A with Hilbert polynomial Ps = P c , and 
[0] G P(Hom(£, J 7 )) is the proportionality class of nonzero sheaf morphism 0: £ — > J 7 . We 
call each such pair (£, [<j)]) a framed sheaf. Later on, to simplify notation, we shall write a 
framed sheaf as (£, 0). A homomorphism between two framed sheaves (£\, [0i]), (£2, [02]) is 
a sheaf homomorphism / : £\ — > £2 such that 02/ = A0i for some A G k. An isomorphism 
is an invertible homomorphism. At some stage, when we consider (semi) stability of framed 
sheaves, also the choice of a polynomial 5 will come into play. 

Let V be a vector space of dimension P c (m) for some m ^> 0, let % = V ® Ox{— tu), and 
let Quot("H, P c ) be the Quot scheme parametrizing the coherent quotients of % with Hilbert 
polynomial P c . On Quot("H, P c ) x A there is a universal quotient Q, and a morphism 

o QVLOt( n,p c ) ®uAq 

Let P = P[Hom(V, H°(X, J-"(m)))]*; the points of P are in a one-to-to correspondence with 
morphisms "H — > T up to a constant factor. Let Y := Quot(H, P c , J 7 ) be the closed sub- 
scheme of Quot("H,P c ) x P formed by the pairs ([g], [a]) such that there is a morphism 
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: Q — > J 7 for which the diagram 

\ 

T 

commutes. Obviously, such is uniquely determined by a. We denote by Q the restriction 
to Y x X of the pullback of Q to Quot("%, P c ) x P x X . There is a line bundle Cy on Y and 
a morphism $ : Q (g) p*£y — >• g* J 7 , where F^l 7 xlAl are the natural projections. 
For a given scheme S let 5 Sxl - 1 — ^> X be the projections. 

Definition 2.1. j4 family F = (E, L, cx-e) (or, shortly, F = (E, cue) ) of framed sheaves on X 
parametrized by a scheme S is a sheaf E on S x X , flat over S, a line bundle L on S, and 
a subbundle morphism «e : L — > pr lj|t 'Hom(E, 0$ ^ J 7 ) called a framing o/E. Two families 
(E, L, «e) aft^ (E', L', «e') are called isomorphic if there exist isomorphisms g : E-^ E' and 
h : L- 2 ^ L' snc/i thata-E-g = atE'-h, where g : pr- u 'Hom(E, — > pr u 'Hom(E' , Os^J 7 ) 
is the isomorphism induced by g. 

We may look at a framing «e : L — > pr 1 ^'Hom(E, Os ^ J 7 ) as a nowhere vanish- 
ing morphism 5?e : P r iL ® E — >• (El J 7 , defined as the composition pr^L (g) E P 1 E > 
pr*pr 1 ^om(E, s EJ)®E^ Hom(E, O s K J) ® E ^> S H J. 

Definition 2.2. Let (£, [0]) 6e a framed sheaf on X . A pair (Q, [ip]) is a quotient of (£, [0]) 
if Q is a quotient of S, and the diagram 

s — *g 

\ ■>!> 
4, \ \ 

j 7 

commutes modulo a scalar factor. 

If (£, [0]) is a framed sheaf on X , a family of framed quotients of (£, [0]) is a family of 
framed sheaves (Q,C,^>) over a scheme S with a sheaf epimorphism g: pr2j£ — > Q, a line 
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bundle £ on S and a section s G T(S, £ w ), such that the diagram 




pr*£ 




pr^J 7 



commutes. 



The universality property of the Quot scheme implies the following result. 

Proposition 2.3. Let (Q, be a family of framed quotients ofH, parametrized by a scheme 
S. Assume that the Hilbert polynomial of Q s =: Q ® k(s) is P c for any sGS. Then there is 
a morphism f: S — > Quot(H, P c , J 7 ) (unique up to a unique isomorphism) such that (Q, 
is isomorphic to (f x id)*(Q, $) over S . 

The action of SL(V) on V induces well-defined actions on Quot(K,P c ) and P which 
are compatible, so that one has an action of SL(V) on Y = Quot("H, P c , J 7 ). The moduli 
space of semistable framed sheaves is constructed as the GIT quotient of Y by this action 



For the reader's convenience, and basically following [HI Ch. 8], we briefly recall the 
construction of determinant line bundles on the Quot scheme. For a scheme Z, we shall 
denote by K(Z) and K°(Z) the Grothendieck groups of coherent and of locally-free Ox- 
modules respectively. Let X be a smooth projective variety, and let S be a flat family of 
coherent sheaves on X parametrized by a scheme S. Note that £ singles out a well defined 
class [£] in K°(S x X). If p and q are the projections onto the two factors of S x X, one 
defines a morphism A^: K(X) — > Pic(S') by letting 



where p\ is the (well defined) morphism K°(S x X) — > K°(S) induced by p. Later on 
we shall use the line bundle Ag(iti) on Quot(%,P c ), where Q is the universal quotient on 
Quot(H,P c ) x X, and 



of SL(V) 0. 



(1) 



\ £ (u) =detp, (q*(u)-[£]) 
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3. A FAMILY OF /i-SEMISTABLE FRAMED SHEAVES ON A SURFACE 

From now on we are assuming that the framing sheaf is supported on a divisor. Let (X, H) 
be a smooth projective variety of dimension d > 1 with an ample divisor H, D C X an 
effective divisor, and J 7 an C^-module of dimension d—1. We shall only consider nontorsion 
framed sheaves, so we assume deg P c (m) = d. Let us fix a polynomial 5 G Q[m] of degree 
d—1 with positive leading coefficient S^-i- For a framed sheaf (E,a : E — > J 7 ) of rank 
ikE > 0, denote 

degE := Cl (E) ■ H , fi{E) = degE/ikE , 
deg(E, a) := deg E — e(a)5d-i , f^(E, a) := deg(E, a) / rk E, 

where e{a) := 1 if a ^ and 5(a) := otherwise. Recall that a framed sheaf (E,a : 
i? — > J 7 ) G F is called /1- (semi) stable with respect to 5d-\ in the sense of Huybrechts-Lehn 
[3 Def. 1.8] if kera is torsion free, and for all framed subsheaves (E',a') of (E,a), where 
< rk(E') < rk E and a' : E' ^ A J 7 is the induced framing, one has 

rk £" ■ deg(E, a)-vkE- deg(E', a') > . 

(>) 

(If rk£" > 0, the latter inequality can be written as fi(E',a') < fi(E,a).) 

These (semi) stability notions for framed sheaves behave very much like the usual notions 
for coherent sheaves. In particular, 

(i) the usual implications between the various notions of (semi) stability and ^-(semi- 
stability) hold also in the framed case, cf. Section 1 of [7]: 

//-stable ^> stable ^> semistable =^ /i-semistable. 

So, if we denote by S ss (c, 5) and iS /iSS (c, 5^-i) the families of all framed sheaves 
(E, a) of class c on X that are semistable with respect to the polynomial 5 and 
/x-semistable with respect to 5d-i (shortly: fi- semistable), respectively, one has the 
inclusion 

S ss (c,5)cS» ss (c,5 d ^); 

there are restriction theorems of the Mehta-Ramanathan type |17) ; 
(/^-)semist ability is an open condition; in Proposition 13.11 below we prove this for 
/i-semistability. 

The family of /i-semistable framed sheaves with fixed numerical data is bounded, 
see Proposition 13.21 




(iv) 
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Proposition 3.1. Let (X,H), D, F be as above. Let S be a noetherian scheme, and £ a 
sheaf on S x X which is flat over S and is of relative dimension d = dimX over S . Let C 
an invertible sheaf on S , and a : £ ® £ — >■ 0$ Kl F a framing of £ as in Definition \2.1\ Let 
us fix some rational number 5 d _i > 0. 

Then the locus of points s G S for which (£ s ,a s = a|{ s } x x) is ji-semistable with respect 
to Sd-i is open. 

Proof. We argue along the lines of the proof of Proposition 2.3.1 in [9]. Let P = P(£ s ) be 
the Hilbert polynomial of the sheaves £ s =: £\{ s } x x- By fi{P) we denote the hat-slope of 
a polynomial, fa(P) = a d -i/a d if P(n) = + ad-iT^ZTjT + ■ ■ ■ + a , a d ^ 0. For a sheaf 
E, we denote ai(E) the coefficient Oj in the above representation of the Hilbert polynomial 
P = P(E), and p,(E) := fi(P(E)). The hat slope of a <i-dimensional sheaf is related to the 
usual slope by the formula fx = de ^ x (// — \Kx ■ H^ 1 ^. 

Consider the exact triples 

(4) -> F' ->■ £ s -»■ F" -> 

over all s & S. In the case when F' C kera s , we can also associate with 01]) the exact triple 

(5) ->■ F' ->■ ker a s -> -> . 

If the sheaf F' in one of the triples (j4]) or (jSJ) destabilizes then we can replace it by its 
framed saturate, and it will still destabilize £ s . Recall that the framed saturate of F' C £ s 
is the saturate in ker a s if F' C kera s , and the saturate in £ s if F' <f_ kera s . 

Consider first the case when F' is a saturated destabilizing subsheaf of dimension d. Then 
we have F' = kera s , F" ~ ima s , and a^_i(ima s ) < 5 d -i, or equivalently a c ;_i(J r / ima s ) > 
a d ^i(F) — 8 d -x. The set of the Hilbert polynomials Pi of the quotients F / ima s as s runs 
over S is finite, and the Quot schemes Quot Y (F, Pi) are projective, so the locus 

Si = {s G S | there exists i such that a d -i(Pi) > a d _i(F) — 5 d ^i and P{T j ima s ) = Pi} 
is closed. Thus the locus 

of points of S over which (£ s , a s ) has a c?-dimensional /i-destabilizing subsheaf is closed. 
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Consider now the two sets of Hilbert polynomials of quotients F" corresponding to the 
framed saturate destabilizing subsheaves of dimension < d: 

Ai = {P" | degP" = d, fi{P") < fi(P) - r j d G g 1 x , and there exist s e S and an exact 

triple (UK with F" torsion free, such that P(F") = P"}, 

A 2 = {P" | degP" = d, fi(P") < /2(F) + ^(^7 - ~), and there exist s 6 5 and 

F' C ker a s such that F" is torsion free of rank r" and P(F") = P"}. 

As the families of torsion-free sheaves {£ s } s es and {ker a s } s( zs are bounded, these sets are 
finite by [5|, Lemma 2.5. 

The relative Quot schemes tt : Q(P") = Quot SxX /s{£] P") ~~ S are projective, so their 
images S(P") := n(Q(P")) are closed. Some of the points of S(P") may correspond to non- 
saturated destabilizing subsheaves. But the hat-slope of the Hilbert polynomial of F" may 
only decrease when we replace F' by its framed saturate. Hence a point in S(P") represented 
by a quotient F" (or F") with torsion for some polynomial P" £ Ai is also represented by a 
torsion-free quotient F" (or F") from Q(P") for another polynomial P" £ Ai with the same 
% — 1,2. Hence the locus of points s £ S for which £ s is not /^-semistable is the union 

(6) z = [ u s°(p")) u C |J s(p"))lk 

\P"eAi J \P"eA 2 J 

Here S°(P") = n(Q°(P")), where Q°(P") is the open subset of Q(P") consisting of the 
triples gl) with F' <£ kera s . Remark that if [0 ->■ F' -> E s ->■ F" -)> 0] £ Q(P") \ Q°(P") 
for some P" £ Ai, then F' C kera s and 

/i(P") < £(P) - A < A(P) + _ I) , 

so that P" £ A 2 . Thus if we replace S°(P") by S(P") in ([S]), the union on the r. h. s. will 
not change, and we have 

Z= |J S(P") |J s. 

P"eA 1 UA 2 

Thus Z is a union of finitely many closed subsets of S, and is closed in 5". □ 
Proposition 3.2. The family (c, 5) is bounded. 

Proof. The sheaves E from the pairs (E,a) £ «S MSS (c, 5) may have torsion. We use the 
following trick of Huybrechts-Lehn (Remark 1.9 and Lemma 2.5 from [7]) to replace them 
with torsion-free ones. Let JF be any locally-free sheaf with a surjection : F — > F and 
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E = E XjrJ-. Then E is torsion free, and there is an exact triple K -> E — ^ E 0, 
where 0£ is the morphism induced by 0, and /C = ker0£. Thus if we fix F and 0, then 
P E = P c + P/c does not depend on (E, a). 

Let now F be any nonzero subsheaf of E. Then ikF > 0, as E is torsion free. We have 
an exact triple — > Kp ~ > E — > F — > 0, where F = <Pe{F) and /Cp = ker(0e|^). By the 
/x-semistability of (E, a), we have deg(F) < ikF ■ {^{E) + 5<j_i). Hence 

- _ deg F + deg /C F rkF ■ (/x e + + rk/Cp ■ /x ma x(£) 
^ ~ rkF ~ rkF 

where /i max stands for the slope of the maximal destabilizing subsheaf. 

This shows that fi max (E) is uniformly bounded as (E,a) runs through iS MSS (c, 5). Hence 
by a theorem of Le Potier-Simpson [9j Thm. 3.3.1], there exist constants Co, . . . ,Cd and an 
^-regular sequence of hyperplane sections Hi, ... , G \Ox{H) | such that h°(E\x v ) < C u , 
where X u — Hi n . . . D Hj_ u , v — 0, . . . , d. See [9], Def. 1.1.11 for the definition of a regular 
sequence of sections of a line bundle with respect to a given sheaf. Now apply Kleiman's 
boundedness criterion [9J, Thm. 1.7.8] to obtain the boundedness of the family of the sheaves 
E associated with the pairs (E,a) from iS MS,s (c, 5). The boundedness of the family of the 
pairs (E, a) themselves then follows by the same argument as in the proof of Lemma 2.5 in 

m □ 

By Proposition 13.21 and semicontinuity we can fix a sufficiently large number m such that 
for each pair (E,a) in 5 MSS (c, 8) the sheaf E is m-regular. We define now i? /iSS (c, 8) as the 
locally closed subscheme of the scheme 

Y = Qaot(H,P c ,F), 

with "H = V ®Ox{— m) and dim\/ = P c (m), formed by the pairs ([g : H — > E], [a : T-L — > F]) 
such that (E,a) G <S MSS (c, 8), is /x-semistable with respect to S^-i, where the framing a is 
defined by the relation a = a o g, and g induces an isomorphism V — > H°(E(m)). By 
(ED i? M,ss (c, 5) contains a subset R ss (c, 8) consisting of semistable pairs (E,a), and it is 
known that R ss (c, 8) is open in i? Atss (c, 8). We denote by R^ ss (c,8) the closure of R ss (c,8) 
in ^(c, 5). 

3.1. Choosing a semiample sheaf £(ni, n 2 ) on R^ ss (c, 8). From now on we assume that: 

(i) X is a surface (i.e. d = 2), 

(ii) J 7 is an C^-module, where D C I is a fixed big and nef curve, 

(iii) deg P c (m) = 2. 
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We will identify K(X) num with the group Z © NS(X) © Z via the map sending the class 
[E] of a sheaf E to the triple (rk(E), c\(E), 02(E)). We fix a polynomial 

S(m) = Sxm + So G Q[m] with 61 > 0. 

For any framed sheaf (E, a) on X we set 

P(E, a) ( l ) := Pe{1) - e{a)8{l) 

If (E, a) G iS MSS (c, 5) there is a surjective morphism V © Ox{— m) — > E. Since the family of 
subsheaves E' of E generated by all subspaces V of V is bounded, the set J\f(E,a) of their 
Hilbert polynomials Pg/ is finite. Hence, since the family 5 MSS (c, 5) is bounded, the set 

Mx(c,5):= |J AT (B , a) 

(E,a)6S^ as (c,i5) 

is finite. 

Now for each polynomial S G A/x(c, 5), where S = Pg/, for £" a subsheaf of some framed 
sheaf (E, a) G iS M,ss (c, 5), defined by a subspace V of V, together with the induced framing 
a', we denote 

G B (l) := dirnl/ (l + e(a') 6{m) ) P^(l) - dim V' (l + -5^^) WO- 

Since the set {Gb|.B G A/i(c, 5)} is finite, there exists a rational number £ such that for 
any £' > £ Q the implication 

(7) G B (£') > G B {1) is positive for I > 

is true for all B G Ax(c, 5). 

Fix an integer > large enough to ensure that 

H 1 (X,E(m-k)) = for all (£,a)er(c,i). 

For any (E,a) G iS M,ss (c, 5) there is a dense open subset in the linear system \kH\ 

consisting of the smooth curves C which are transversal to the framing divisor D and do not 
meet the singular locus of (E, a), that is, the locus of points x G S where E is not locally 
free or x G D, a\ x = 0. For any curve C G \kH\*, we have 

P clc (l) := P E \ C (1) = P E (l) - Pe(1 - k) — P c (l) - P C {1 - k) , P {E \cMc) = Pc\ c - S. 
Consider the rational functions 

(8) A x (l) := P {Eia) (l) J {m) . - 5(1) G Q(Z), 
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(9) A c (l) := Puerto)® p 6 ° 7 \ -fee 0(0. 

where, as before, 8(1) := 8\l + 5q and we set 5^ := k5\. Let 

P c (l) = p 2 l 2 + Pl l + p , Pl eQ. 

The equality 

(10) A x (Z)=A c (0, 
considered as an equation in I, in view of (jSJ) and ([9]), yields 

11 Z = LZ ):=A*(0 — — + m 

For any C G set 

:= V c <8> O c (-m), dimVc := P c (m) - P c (m - fc), 
P C , (Z) := P C (Z) - P c (l - k) = k(p 2 (2l -k)+ pi) 

and consider the Quot scheme Yc 1 := Quot(^c ; -fc| c > F° r an Y {E, a) G K and any 

C C \kH\*, consider the framed sheaf (E\c,oc\c)- The family of subsheaves E' c of E\c 
generated by all the subspaces V' c of Vc is bounded, so that the set M(E\ c ,a.\c) °f polyno- 
mials Pe> is finite. Hence, since the family <S MSS (c, 5) is bounded, the set A/"c(c|c, fc) := 
U A/(_b| CiQ | c ) is finite. Respectively, the set 

(E,a)eS^ 33 (c,8) 

Af(c\ c ,6 c ):= |J JVcCclcfc) 

CG|fc_ff|* 

is also finite. 

Now for each polynomial B G f\f(c\c,Sc), where B = Pe' c i E' c a subsheaf of a sheaf 
(E\c,oc\c) for some framed sheaf (E,a) G <S MSS (c, 5), defined by a subspace W of VK, 
together with the induced framing a' c , we denote 



G B (l) := dimH/ • fP(^| , a1c) (Z) + e(a%)-—^—-) 



- dim^' • (l + M ™1 ^|c,«lc)(0- 
V P(£|cHc)( m )/ 

Since the set {Gb\B G 7V(c|c*, <5c)} is finite, there exists a rational number £qc such that 
for any £' > £qc the implication 

(12) G B (£') > G B (l) is positive for I > 
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is true for all B G M{c\c, 5c)- 

Now choose a number £x > P-o such that L{ix) > £oc, where £qc was defined before 
formula ( TT2j) and L{1) was defined earlier in ( fTTT) . Set £c< := L(£x)- By (ITUl) we have 

(13) =A c (e c ), £x>£o, tc>toc 



Let 



£(m,n 2 ) = [pr* AgK)®" 1 ®pr;C P (n 2 )] |^ 



where we set 

and Q is the universal quotient sheaf on Quot('H,P c ), see the last paragraph of Section [2j 
This choice of the ratio ^ will enable us to obtain the isomorphism (fT6|) . 

Now one has the following analogues of theorems of Mehta and Ramanathan |12[ IT3] . 

Theorem 3.3. Let (E,a : E — > J 7 ) G 5 Atss (c, 5) fre a fi-semistable framed sheaf of positive 
rank. Then for all sufficiently big k, and for a generic curve C G \kH\, the framed sheaf 
(E\c,a\c) is fi-semistable on C with respect to 5c- 

Proof. See [T7"l Theorem 67]. □ 

Theorem 3.4. In conditions of Theorem \3.3\ let the framing sheaf J 7 be a locally free Od- 
module and let (E, a) be a fi-stable framed sheaf such that E is locally free in a neighborhood 
of D and a\o '■ E\d — > J 7 is an isomorphism. Then for all sufficiently big k, and for a 
generic curve C G \kH\, the framed sheaf (E\c,a\c) is fi-stable on C with respect to 5c- 

Proof. See [T7l Theorem 74]. □ 

Proposition 3.5. For v 3> the line bundle C(ni,n2) u on i?^ ss is generated by its SL(V)- 
invariant sections. 

Proof. Let S be a noetherian scheme parametrizing a flat family (E, ag) of /z-semistable 
framed sheaves (E, a : E — > J 7 ) on X with numerical K-theory class c = (r, £, C2). Let 
C G \kH\ be a general curve and k ^> 0. Then C is smooth and transversal to D, and the 
restriction of (E, oe) to S x C yields a family (£, as) of framed sheaves (Ec, etc '■ Ec —> F\c) 
on the curves C. By Proposition 13.11 and Theorem I3.3[ the general element in this family 
is yU-semistable. Let Mc '■= M ss (c\c,5c) be the moduli space of framed sheaves on C 
with numerical class c\c = i*c that are semistable with respect to 5c- Note that, since 
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C is a curve, semistability coincides with /x-semistability. By Theorem 13.31 a rational map 
S ---> Mc is well defined. 

For any w G K(X), let tu|c = i*w G K(C) be its restriction. The class c|c is uniquely 
determined by its rank and by £|o Let m' be a large positive integer, P' := P c i c , let Vc be 
a vector space of dimension P'(m'), let "H' := <E> Oc{—m') and let C Quot c .('H / , P') 
be the closed subset of quotients with first Chern class together with the universal 
quotient Oq c K W ->■ Furthermore, let P c = P(Hom(Vb, #°(C, P(m')|c))*) , so that a 
point [a] G Pc corresponds to a morphism a : 7^' — >• J-\c- Consider the closed subscheme 
Yq = Quot(H' , P' , J-\c) of Qc x Pc with projections Yc Pc?) defined similarly 

to the scheme Y above. Clearly, SL(Vc) acts on Yc- Denote degC = C ■ H, and consider 
the line bundle 

C' (n 1: n 2 k) := pl\ £ ,(u (c\ c )) nidegC ®p* 2 Pc (n 2 k) 
on Yq. If m' is sufficiently large, the following results hold (see [7] Proposition 3.2). 

Lemma 3.6. Given a point ([g : %' — > Eq], [a : W — > J~\c]) £ Y"c, the following assertions 
are equivalent: 

(i) (Ec, [a]) is a semistable pair and Vc —> H°(Ec{m')) is an isomorphism. 

(ii) {[g], [a]) is a semistable point in Yc for the action of SL(Vc) with respect to the 
canonical linearization of C' (ni,n 2 k). 

(iii) There is an integer v and an SL(Vc-) -invariant section a of C' (ni,n 2 k) u such that 
a([g},[a})^0. 

Jordan-Holder nitrations for semistable framed sheaves were introduced in [7j, Proposition 
1.13, and the ensuing notion of S-equivalence was given there in Definition 1.14. In Section 
14.21 we shall also use the notion of a /x- Jordan- Holder filtration of a framed sheaf (E, a). It 
is constructed in a similar way, see |17| . Definition 65 and Theorem 66. We call (E,a) fi- 
polystable if E has a filtration = E C E\ C . . . C E n = E such that: (i) E is isomorphic 

n 

to the graded object ^ Pj/P;_i; (ii) the filtration . . . C (Pj, ajsj C (Pi+i, ol\e 1+1 ) C ... is a 

i=l 

fx- Jordan-Holder filtration of (S, a). For a given framed sheaf P = (P, oe) we will denote by 

n n 

gr^F the associated graded /i-semistable framed sheaf 0(Pj/Pj_i, a.i) where ^Pj/Pj_i is 

i=l i=l 

the graded sheaf associated with a fx- Jordan-Holder filtration = Po C Pi C . . . C E n = E 
of P and where a, : Pj/P,_i — > T are the induced framings (see [7J Section 1]). If, moreover, 
P is locally free along D, then by (gr' 1 Fy v we will understand the graded /i-semistable 
framed sheaf ©((P i /P i _ 1 ) vv , an). 



14 



UHLENBECK-DONALDSON COMPACTIFICATION FOR FRAMED SHEAVES 



Remark 3.7. Note that in the case when dimX = 1, the \i- Jordan- Holder filtration of a 
framed semistable sheaf F on X coincides with the Jordan-Holder filtration of F; hence, the 
two framed sheaves Fi and F 2 on X are S-equivalent if and only if their associated graded 
objects gr^Fi and gr fl F 2 are isomorphic. 

The following result is essentially contained in Proposition 3.3 of [7]. 

Lemma 3.8. Two points ([gj : W — > Ejc], [a,j : W — > -F\c]), j = 1 ; 2 are separated by an 
SL(Vc) -invariant section in some tensor power of C' (ni, n 2 k) if and only if either both are 
semistable points but the corresponding framed sheaves (Eic, ct\c) °> n d {E 2 c, «2C*) are n °t 
S-equivalent, or one of them is semistable but the other is not. 

Consider now the exact sequence 

(15) O^E®(0 S B0 X (4))^E^^O. 

Assume that m' is big enough so that not only the results in Lemmas 13.61 and 13.81 hold, but 
one also has 

£ s is m! -regular for all s G S. 
Then p*(£(m')) is a locally-free O^-module of rank P'(m'), where £(m') = £ ®Os^Oc{m') 
and p : S x C ->■ S is the projection. Let S := P(Isom(^ c <8> O s ,p*(£(m'))) v ), n : S -> S 
be the associated projective frame bundle and nc '■ S x C S x C the induced projection. 
On S x C there is a universal quotient g : Og W -» n* c £ ® O vc {— 1) and a framing 

* £ : ti* c £ <g> O nc (-l) Kq{Os IEI F\c) which induce by Proposition O a SL(P'(m'))- 

invariant morphism 

h : S -> Y c . 

By analogy with pH Prop. 8.2.3] and using the relations f fl3|) and (Tl^j) we obtain the 
isomorphism of line bundles 

(16) f^K,^)^^,^)* 

Now set S = -R MSS (c, 5). The group SL(V) acts on S, hence also on S. Thus we have an 
action of SL(V) x SL(Vc) on S and by construction the morphism Lj- is SL(V^) x SL(Vc-)- 
invariant, where SL(V) acts trivially on Yq- Take an arbitrary SL(Vc)-invariant section a 
of C' (n\,n 2 k)® u . Then f|<7 is a SL(V) x SL(Vc)-invariant section. Therefore, since 7r is 
a principal PSL(Vc)-bundle, this section descends to a SL(y)-invariant section of the line 
bundle £(ni,n 2 )® uh . We thus obtain a monomorphism 

(17) s £ : H°(Y C , 4(m, n 2 fc)^) SL(Vc) tf°(S, £(m, n 2 )^ fc ) SL(V °- 
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By analogy with |9j Lemma 8.2.4], and using [7J Prop. 3.1-3.3], we obtain the following 
Lemma. 

Lemma 3.9. 1. If s £ R^ a {c, 5) is a point such that (E s \c, ot s \c '■ E s \c — > F\c) ^ s semistable 
with respect to 5c, there is a SL(V) -invariant section a £ H°(R^ ss (c, 5), C(ni, n 2 )^" /k ) SL ^ v ' > 
such that a(s) ^ 0. 

2. If Si and s 2 are the two points in R^ ss (c, 5) such that E 31 \c and E S2 \c are both semistable 
but not S-equivalent, or one of them is semistable and the other is not, then for some v there 
are SL(V) -invariant sections of C(ni, n 2 )® vk that separate s\ and s 2 . 

Proposition 13.51 now follows from the first assertion of Lemma 13.91 □ 

4. The Uhlenbeck-Donaldson compactification for framed sheaves 

4.1. Construction of M^ ss (c, 5). By Proposition 13. 5^ the sheaf £(ni,n 2 ) I/ is generated 
by its invariant sections. Thus we can find a finite-dimensional subspace W C W v : = 
H°(R^ SS , C{n 1 ,n 2 Y) Sh{v) that generates C(n 1 , n 2 ) 1J . Let <p w : R>* ss (c,5) -> F(W) be the 
induced SL(P c (m))-invariant morphism. 

Proposition 4.1. Mw := (f)w{R^ ss {Ci 5)) is a projective scheme. 

The proof of this Proposition goes as in [9} Prop. 8.2.5], by using the following Proposition, 
which generalizes a classical result by Langton. 

Proposition 4.2. Let (R, m = (tt)) be a discrete valuation ring with residue field k and 
quotient field K and let X be a smooth projective surface over k. Let S = (S,a) be an 
R-flat family of framed sheaves on X such that Sk = K ®r 8 is a fi-semistable framed 
sheaf. Then there is a framed sheaf (E,a E ) such that (Ek,(Xk) = (£k,c*k) and (Ek,a E ) is 
fi-semistable. 

Before proceeding to the proof of Proposition 14. 21 we prove the following auxiliary Lemma. 

Lemma 4.3. Let (R,va = (it)) be a discrete valuation ring with residue field k and quotient 
field K, let T = Spec(-R) and let X be a smooth projective variety over k. Let £ — (£,a : 
£ — y J 7 ) be a T-flat family of framed sheaves on X such that (£k = K £g>K £,0£k) is a [i- 
semistable framed sheaf. Then there is a framed sheaf (£, 5) such that (£r, &k) — {£k, &k) 
and ker(5fc) has no torsion: T(ker(5fc)) = 0. 
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Proof. If T(ker(afc)) = 0, then set (S,a) = (£,a), and we are done. Thus assume that 
T(kerctfc) 7^ 0. Choose an epimorphism e : J 7 — > J 7 , where J 7 is a locally-free C^xx-sheaf, 
so that B := ker(e) is torsion free. By the same trick of Huybrechts and Lehn as was used 
in the proof of Proposition 13.21 we obtain from (£, a) a framed sheaf (E, a) on T x X 
such that T(E) = T(kera). As J 7 is locally free, tensoring with k or K commutes with 
the construction of E, so that T(Ek) = T(ker(«fc)) and T(Ek) = T(ker(aK))- By the /1- 
semistability of {£k-,olk)-, we have T(ker(ax)) = 0, so Ex is torsion free. One also easily 
verifies that ker(o!fc) = ker(Sfc). 

Let Y be the support of T(ker(a/j)) = T(ker(Sfc)) in T x X, and let E' := j*(E\u), 
where j : U — > T x X is the natural inclusion. Then E' has no T-torsion and is T-flat. In 
particular, the fibre E' k has the same Hilbert polynomial as E^. The canonical morphism 
E — >■ E' induces a morphism : E^ — > E' k which is an isomorphism outside Y . Since J 7 is 
locally free, hence normal, a defines a framing a' : E' — > J 7 which coincides with a on U . 
Now let £ be the cokernel of the composition B — >■ E E', together with the induced 
framing a : £ — >■ J 7 . Then (E' k ,a k ) is exactly the framed sheaf constructed from (£k,otk) 
by the Huybrechts-Lehn trick via the surjection J 7 ^ — > J-^, so T(E k ) = T(ker a'k), and as 
above, we deduce that ker(5fc) = ker(a'fc). 

By construction, 5jf) — {£k,®k)- The same argument as in the proof of Lemma 
1.7 in [18] shows that E' k is torsion free, hence T(ker(5fc)) = T(ker(a'/ C )) = 0, and we are 
done. □ 

Proof of Proposition \4-2\ If a^) is /i-semistable, then we are done. Assume that 
this is not the case. By Lemma 14.31 we ma Y a l so assume that T(kerafc) = 0. Setting 
(£°, a ) = (£, a), we will define a descending sequence of framed sheaves (£, a) = (£°, a ) D 
(£*, a 1 ) D (£ 2 , a 2 ) D such that ££ = £k and (£ k , a k ) is not /i-semistable for all n. 

Let (B°, ago) be the maximal /i-destabilizer of (£ k , a k ), where a bo is the induced framing. 
As T(kera k ) = 0, it follows from [T7] Theorem 6.6] that B° is /i-semistable and framed- 
saturated. 

Suppose that, for n > 0, the framed sheaf (£ n , a n ) and its saturated maximal /i-destabilizer 
(B n ,aB«) have been defined. Let G n = £ k /B n together with the induced framing «gn : 
G n — > J^k, and let £ n+1 be the kernel of the composition £ n — > £' k — > G n with the induced 
framing a n+l : £ n+1 — > J 7 . As a subsheaf of an i?-flat sheaf, £ n+1 is i?-flat. We thus have 
two exact sequences 

(18) -> B n £1 -> G n -> and -> G n -> 5 n ->• 0. 
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To obtain the second one, remark that Torf (G n , k) ~ G n and Torf (£ n , k) = and apply 
• ®r k to the exact triple -> £ n+1 ->■ £ n ->■ G n ->■ 0. 

By construction, (£j£- +1 , a^ +1 ) = (£k,&k) and is not u-semistable. Let 

(B n+ \a B n+i) be the maximal u-destabilizer of (£™ +1 X +1 ). Let C n := G n n 5 n+1 and 
let a^n : C n j- G n ^> J-fc be the induced framing. Consider the two possible cases: (i) 
rk(B n ) > and (ii) rk(B n ) = 0. 

(i) rk(£? n ) > 0. One shows that 

(19) rk(5 n+1 ) > 0. 

Indeed, suppose the contrary, that is, assume B n+1 is a torsion sheaf. Then 

(20) deg(B n+1 ,a B n+i) > 0. 

As C n is either zero or a torsion subsheaf of G n = ££/B n , we have 

(21) deg(C",« C n)<0. 

On the other hand, the second triple in ([IB]) shows that B n+1 /C n c — > B n , hence by the 
/i-semist ability of (B n ,a B ^), we have deg(B n+1 /C n , a nl ) < 0, where a n/ is the induced 
framing. This inequality, together with (l2~Ti) . contradicts ( 120|) . which proves (119]) . We thus 
may assume that (£> n+1 , is a /i-semistable framed-saturated subsheaf of (£% +1 , 

From pg|)-(lT9]) it follows that fi(£% +1 , < +1 ) = a£) = ... = fJ,{£ k ,a k ). 

Assume now that rk(i? ri+1 /C n ) = 0. Then rkC n = ikB n+1 > and the inclusion 
C n ^ G n implies M (C",a Cre ) < u max (G n , Qgn) < //(££, a£) < ^(B^ 1 , a B n + i ) . Hence 
deg(5 n+1 /C n , a n ') > 0, contrary to the fact that (B n+1 /C n , a n ') is a torsion subsheaf of 
the /i-semistable sheaf (B n ,a B n). Hence ik(B n+1 /C n ) > 0. Therefore, since both (B n ,a B n) 
and (B n+1 ,a B n+i) are /i-semistable and B n+1 /C n e — >■ 5™, it follows that 

fi(B n ,a B n) > ii(B n+1 , a B n+i). 

In particular, /3„ = fi(B n ,a B n) — n(£ k ,a k ) = fi(B n ,a B n) — fi(££ , a£) is a positive rational 
number. As {/3 n } n >i is a descending sequence of strictly positive numbers in the lattice 
^yZ C Q, where r = rk£fc, it is stationary. We may assume without loss of generality that 
n is constant for all n. Then we have C n := G n D Z? n+1 = in Coh 21 (X) for all n, where 
Coh 2j i(X) is the category of coherent sheaves on X modulo sheaves of dimension 0. In 
particular, there are inclusions B n+1 C B n and G n C G n+1 in Coli2,i(X). Hence there is 
an integer no such that for all n > n we have fi(B n ,a B n) = u(£> n+1 , a B n+i) = rkB n = 



18 



UHLENBECK-DONALDSON COMPACTIFICATION FOR FRAMED SHEAVES 



rki? n+1 = and we may assume that uq = 0. In view of ( JT8|) 

(22) G° C G 1 C ... 

is an increasing sequence of purely 2-dimensional sheaves such that 

(23) l^(G°, a G o) = /i(G x , a G i) = rkG° = rkG 1 = e(a G o) = e(a G i) = ... 

This means that the Hilbert polynomials of the sheaves G i ,i > 0, coincide modulo constant 
terms. Equivalently, these sheaves are isomorphic in dimension > 1. In particular, their 
reflexive hulls (G n ) vv are all isomorphic. Therefore, we may consider {G n } n >i as a sequence 
of subsheaves in some fixed coherent sheaf. As an immediate consequence, we obtain that 
all the injections are eventually isomorphisms. Thus we may assume that G n = G n+1 for all 
n > 0. This implies that the short exact sequences (fl8"|) split, and we have B n = B, G n = G 
and E% = B@G for all n. Define Q n = £/£ n , n > 0. Then Ql = G and there are short 
exact sequences — > G — > Q n+1 —> Q n —> for all n. It follows from the local flatness 
criterion [91 Lemma 2.1.3] that Q n is an i?/7r n -flat quotient of £/ir n £ for each n. Hence 
the image of the proper morphism a : Quot Xr /r{£,P{G)) —> Spec(-R) contains the closed 
subscheme Spec(i?/(7r) n ) for all n. But this is only possible if a is surjective, so that £k> 
must also admit a (/i-destabilizing!) quotient with Hilbert polynomial P{G{m)) = x(G(m)) 
for some field extension K' Z> K. This contradicts the assumption on £% . 

(ii) rk(B n ) = 0. By (i), we obtain ik(B°) = rk(5 1 ) = ... = ik(B n ) = 0. As B° is fi- 
semistable, it follows that T(kera^o) = 0, i.e., a#o is injective. Then by the definition of G° 
we have a G o = 0, i.e., G° has an ordinary /i-Harder-Narasimhan filtration with /x-semistable 
factors of positive ranks. As C° is a torsion subsheaf of G , it follows that C° = 0. Hence, 
B 1 ^-t- B°. Repeating this argument we eventually obtain B n+1 ^ B n ... ^ B° and 
rk(^) = for all i = 0,. . . ,i + 1. 

Again we obtain a decreasing sequence ... ^ B n ^ ... <^->- B° of subsheaves of the torsion 
sheaf -B , which stabilizes in Coh2 ; i(X) and corresponds to an increasing sequence fl22l) of 
purely 2-dimensional sheaves G l satisfying f l23l) . We conclude by the same argument as 
in (i). □ 

By using Proposition 14.11 and Theorem 3.3, and proceeding as in [9], Proposition 8.2.6, 
we can prove the following result. 

Proposition 4.4. There is an integer N > such that 0^ >o Win is a finitely generated 
graded ring. 

We can eventually define the Uhlenbeck-Donaldson compactification. 
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Definition 4.5. Let N be a positive integer as in the above proposition. Then = 
ikP ss (c,6) is defined by 



It is equipped with a natural morphism ir : i? MSS (c, 5) — > M^ ss and is called the moduli space 
of \x-semistable framed sheaves. 

We introduce more notation. Let F = (E, L, «e) G Ai' lss (S) be a family of framed 
sheaves. Consider the scheme S := Isom(V <E> Os, pr l4t E) — >■ S together with the projections 
S P £ S x X ^4 X. Let F = (E,L,a g ) G M^ SS (S) be the lifted family over S, where 
E := (r x id x )*E,L := r*L, := r*a E : L ->■ pr 1+ ftom(E, K J 7 ). Let taut : V ® 
Og T*pi u E = pr^E be the tautological isomorphism. Applying the functor pr 1# to 
the morphism 5?e : P r iL <S> E — > Os J 7 we obtain a (nowhere vanishing) morphism Se : 

L g) pr 1# E ->■ H ^) <8> O s . Consider the composition ag : V ® 0^ <gi L ^ pr^E <g> L ^1 
H ^) (g> or, equivalently, the (subbundle) morphism ag : L — >• 1-tom(V ® if (J 7 ) !g) 
Og) = Horn (V, if (J 7 )) £g> C^. By the universal property of the projective space P the 
subbundle morphism ag defines a morphism 6g : S — > P. 

Now we explain in which sense M MSS is the moduli space of /i-semistable framed sheaves. In 
fact, though M^ ss is not in general a categorial quotient of R^ ss , still M^ ss has the following 
universal property. Let A4 SS , respectively, M.^ ss denote the functor which associates with 
S the set of isomorphism classes of S'-flat families of semistable, respectively, /i-semistable 
framed sheaves of class c on X. Consider an open subfunctor M.^ ss of J\A.^ SS which associates 
with S the set of isomorphism classes of those families [F] G M.' 1SS (S) for which there exists a 
dense open subset S' of S such that [F|s/ X x] G Ai ss (S'). Clearly, M. ss is an open subfunctor 
M^ ss . 

For any scheme S and any family [F = (E, Qe)] G A4 fMSS (S) the principal GL(V)-bundle 
t : S — > S by the universality of the Quot-scheme Quot('H,P c ) defines a morphism ^g, : 
S —> Quot("H,P c ) and hence a morphism $~ = (\l/p,6g) : S —> i? M,ss . This morphism is 
GL(V r )-invariant, and r : S — > S is a categorial quotient, so that there exists a (classifying) 
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morphism $f : S — > M^ ss making the following diagram commutative: 
(24) 



S — R^ ss 



S 



We thus obtain a natural transformation of functors $ M : M.^ ss — > Mor(— , M MSS ) given 
by <f>»(S) : M>* SS (S) -> Mor(S,M^), [F] i-> $£. 

Let M = M(c, J 7 ) denote the moduli space of semistable framed sheaves (E, a : E — > J 7 ) 
on X with ch(E) = c. It co-represents the moduli functor M. ss = A4 ss (c, J 7 ), namely, 
we have a natural transformation of functors $ : A^ ss — >■ Mor(— ,M), <&(S) : — > 
Mor(S, M), [F] i — ^ $p (71 Thm 0.1], and the above diagram extends to a commutative 
diagram 




Since ir : R ss — > M is a categorial quotient, it follows that there exists a morphism 7 : M — > 
M^ ss such that $ M = 7 • <3>, i.e., $p = 7 • $p. The morphism 7 is by construction dominant, 
birational and projective, hence it is surjective. 

Note also that, for any S and any [F = (E, a E )] G M.** 33 ^) the pullback of O a/ m^(1) via 
• r is isomorphic to (Ag(wi(c))® ni ® fe-Op^))^. In particular, if [F] G M SS {S), then 



(25) 

We thus obtain: 



(7 • $ F • r)*(9 



(AE(«i(c))® ni ®6^( ra2 )) 



N 



Theorem 4.6. The morphism of functors Ai 33 — > A4.^ ss induces a regular birational mor- 
phism of moduli spaces 7 : M — > M^ 33 such that I[2d*\) is satisfied for any S and any 
[F] g M 33 (S). 

Let now M M " stablc , M^~ po[y be the open subsets of M corresponding to /i-stable, resp. /1- 
polystable pairs (E, a) with E locally free. We are assuming that M At_stable is nonempty. We 
shall see (Theorem 14.7ft that the restriction M^~ vo[y — > M^ ss is injective. Actually, when 
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restricted to M^ stable , this map is an embedding, so that by taking the closure of 7(M M ~ stable ) 
in M MSS , we obtain a compactification of M M " stable . By analogy with the nonframed case, we 
will call it the Uhlenbeck- Donalds on compactification of M M_stable . 

With reference to the notation introduced in the beginning of Section |3l we set 

S""(c, S)* := {(E, a) G <S^ s (c, 8) \ E is locally free at all points of D 

and a induces an isomorphism E\ E — J 7 }, 
R» ss (c,8)* := {([g :H^E], [aog]) G R^(c,S) \(E,a) G S» ss (c,8)*}, 
M^ic, 5)* := tt(R» ss (c, 5)*) , M* := 7" 1 (M^(c, 5)*). 

Note that these are open subsets of S^ ss (c, 5), i?^ ss (c, 5), M MSS (c, 5) and M, respectively, 
and that M^ poly C M*. 

We proceed now to a more detailed study of the morphism 7 : M* — > M MSS (c, 5)*. 

4.2. Description of the morphism 7 : M* — >■ M^ ss (c, £)*. Let (£, a) G S^ s (c,<5)*. 
Consider the graded framed sheaf gr^iE^a) = (gr^E, gr^a) associated with some /1- Jordan- 
Holder filtration of (E,a). It is /i-polystable as a framed sheaf. Remark that, applying 
the definition of /i-semistability to E(—D) = kera C E, one concludes that Si < rdegD. 
Moreover, in the case of equality, (E(—D), 0) C (E,a) is the upper level of the Jordan- 
Holder filtration with torsion quotient. Under our hypotheses, this is the only possible 
torsion in the graded object associated with the Jordan-Holder filtration. To eliminate it, 
we impose, from now on, the additional hypothesis Si < rdegD. 

By taking the double dual we get a /i-polystable locally- free framed sheaf (gr ll E) vv . The 
function l E '■ X — > N U {0} : x 1— > length ((gr fl Ey v /gr fl E) x can be considered as an element 
in the symmetric product S l (X\D) with / = c 2 {E) — c 2 ((gr' 1 E) vv ). Both (gr> 1 E) vv and l E are 
well-defined invariants of (E, a), i.e., they do not depend on the choice of a [i- Jordan-Holder 
filtration of (E,a). 

Theorem 4.7. Assume that Si <rdegD. The framed sheaves (Ei, a{), (E 2 ,a2) G S^ ss (c,S)* 
define the same closed point in M^ ss (c, 5)* if and only if 

(gr^Ei,ai)Y v = (gr^E 2 ,a 2 )Y v and l El = l E2 . 

Proof. The proof goes along the same lines as that of j£l Theorem 8.2.11]. We start with the 
"if" part. Take any framed sheaf (E,a) G iS MSS (c, 5)* and consider the graded framed sheaf 
gr^lE, a) obtained from some fi- Jordan-Holder filtration of (E, a). Then one can naturally 
construct a flat family (E, A) of framed sheaves over A 1 such that 
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i) (E t , a t ) = (E, a) for all ^ t G A 1 , and 

ii) (E ,a ) *gr»(E,a). 

The classifying morphism $ M : A 1 — > M^ ss (c, 5)* factors into the composition $ M : A 1 A 
M* M^ ss (c, 5)*, where $ is the classifying morphism. By i) $(A : ) is a point, hence also 
[(E, a)] := = ^(A 1 ) is a point, and by ii) we have [(E, a)] = [gr^(E,a)}. It 

follows that it is enough to consider /i-polystable framed sheaves from iS MS,s (c, 5)*. 

Thus, let (E, a) be a /i-polystable framed sheaf from iS^^c, 5)*. Then £ := E vv is 
/i-polystable and locally free, and there is an exact sequence 

^ E £ T — > 

where T is a torsion sheaf with l(T) = Ie- Furthermore, E is locally free along the framing 
curve D by the definition of S^ ss (c, 5)*, hence there exists a morphism ao '■ £\d J 7 such 
that the framing a : E — > J 7 decomposes as 

a: -C/ )■ -C/|d = £\d > •> ■ 

Consider the morphism ijj : Quot(£, I) —> S l X : [8 -» T] t— y l Ee , where E e := ker e, and set 

There is a universal exact triple 

0-+E^O Ye ^£ ^ 

of families on X parametrized by Ye, where T is the family of artinian sheaves of length I on 
X. Let pi : Ye x X — > Y E be the projection onto the first factor and set Y E '■= Isom(Oy B <S> 
V,p u (0 YE ^S{m))) V A Y E and := (p E xid x )*E. Note that Y E is a trivial GL(V)-bundle 
on Ye- For any w G Ye we have a tautological epimorphism g w : % — > E w := Ey B |{u>} x X. 
By the universal property of R^ ss (c, 5)* there is a well defined morphism 

<$>Y E :Y E -> R» ss (c,8)* 

w ^ (dw, z ) , where 

z = [H ^> E'iu — ? -EwId — £|d — ^> -T 7 ] , 
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and according to ( 1241) we have a commutative diagram 



Y E 



W ia8 {c, 5)* 



7T 



Y E 



M» ss (c, 5)*, 



where 




where pr : i? MSS (c, 5)* — > P is the projection. One shows that the right hand side of ( 1271) is 
trivial. In fact, since iP{Ye) = is a point, it follows from the computations in [HI Example 
8.2.1] that Ae(wi) = Oy E , hence Ae~ («i) = Oy • On the other hand, the above diagram 
shows that $t pr* £> P (1) = O y ■ Whence yields 



Note that Ye is irreducible (see, e.g., [3]) and p w : Ye — > Ye is a trivial principal bundle; 
hence Ye is also an irreducible scheme. It follows now from f )28|) that y = §y e {Ye) is a 
point. In particular, (126]) shows that y = [(E, q b )] = [(E, «£/)] which proves the "if" part 
of the theorem. 

The proof of the "only if" part uses the restriction Theorem 13.41 and will require the next 
Lemma and Proposition. 

Lemma 4.8. Let Fi = (Ei, a^J, i — 1,2, be framed fi-semistable sheaves on X such that Ei 
and E2 are locally free along D. Let a be a sufficiently large integer and C G \aH\ a general 
smooth curve. Then F\\c and i^lc are S -equivalent if and only if (gr IJ 'Fi) vv = (gr' 1 F2) vv . 



Proof. Let gr^Fi = ^(Ei/Ei_i,ai) be the graded object of a fi- Jordan- Holder filtration of 



F\. According to Theorem 13.31 one can choose a large enough so that the restriction of any 
summand Ei/Ei_i is /i-stable again. Now choose a C that avoids the finite set of all singular 
points of the sheaves EifE^x for all i. Then gr^F^c = (fi , ^ M i 71 i) vv |c is the graded object of a 
fi- Jordan-Holder filtration of File- In view of Remark 13. 71 this shows that for a general curve 



(28) 



i=l 
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C of sufficiently high degree, F\\c and F-i\c are S'-equivalent if (gr^Fij^lc = {gr fJ, F2) vv \c- 
For a » and z = 0, 1 we have 

ExtX^FO^, (^F 2 ) vv (-C)) = Exf((^F 2 ) vv , (^F 1 ) vv (-C)) = , 

so that 

Hom((^F 1 ) vv , (<jr"F 2 ) vv ) * Hom((^F 1 ) vv | c , (g^F 2 )^\ c ) . 
This means that (c/r^Fi) w | c = (#r^F 2 ) vv |c if and only if (gr^F^ = (#r^F 2 ) vv . □ 

From this Lemma and the second claim in Lemma 13.91 it follows that if (gr fJ, FiY v ^ 
(^r At F 2 ) vv then any two points yi and y 2 in i? MSS (c, 5) representing and _F 2 are separated 
by SL(V)-invariant sections of C(ni,n2)® uNk for some v > 0, where £(ni, ri2)® uNk = (70 
7t)*(!?ma' ss (i / ) (see Definition 14. 5p . This means that 7(2/1) 7^ 7(2/2)- We thus consider the case 

As we have seen, 7 is constant on the fibres of the morphism ip : Quot(£, I) —> S X, [£ -» 
7 1 ] 1 — y lj$ e . As tp is surjective and S l X is normal, 7|Q U0 t(£, 1) factors through a morphism 
j : S l X — > M^ ss . The proof of Theorem is complete if we can show the following proposition. 

Proposition 4.9. The morphism j : S l X —> M^ ss is a closed immersion. 

Proof. It is well known that, for a smooth curve C G \aH\, the subset 

{Z e S l X I SuppZ n C ^ 0} 

of S l X has a structure of an ample irreducible reduced Cartier divisor which we will denote 
by C. Consider the above quoted morphism ip : Quot(£,/) — > S l X associated with the 
family T. Apply the argument from the proof of Lemma 8.2.15 in |§] to formula (ITTj) with 
S = Quot(£, /) . Since E\c is /z-polystable, it follows that there exists an integer v > and 
a section a E H°(Yc, C (ni, n 2 /c)® iy ) SL ^ c - ) such that the zero divisor of sg(a) is a multiple 
of ip~ l (C). This implies that a induces a section a' of some tensor power of (9^/^(1) such 
that the zero scheme of the section j*(o~') is a multiple of C. The divisors C span a very 
ample linear system on S l X as C runs through all smooth curves in the linear system \aH\ 
for a large enough. Hence j is an embedding. □ 

This finishes the proof of Theorem 14.71 □ 



From this Theorem we obtain a set-theoretic stratification of the Uhlenbeck-Donaldson 
compact ification. 
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Corollary 4.10. Let c = (r, £, c 2 ) be a numerical K-theory class and let M M_poly (r, £, c 2 , 5)* C 
M^ ss (c, 5)* denote the subset corresponding to fi-polystable locally-free sheaves. Assume, as 
before, that 8\ < rdegD. One has the following set-theoretic stratification: 

M^ic, 5)* = ]jM^ poly (r, e, c 2 - /, S)* xS\X\D). 

l>0 

Remark 4.11. By our definition, M^ ss = M^ ss (c,5), M^ ss * = M^ ss {c,5)* and 7 depend 
on the choice of m > m , a positive integer used in the definition of the vector space 
V. So it is more natural to denote them M^ s , M^ s * and j m . As shows Corollary 14.101 
M^ ss (c, 5)* = M^ s * does not depend on m at least set-theoretically. To obtain a Uhlenbeck- 
Donaldson type compactification M^ ss of M /i_poly (r, ^, C2, 5)*, which is a projective scheme 
independent of m, one can proceed as follows. 

Consider the sequence of morphisms : M — > M^ s } m > mo . Define inductively a 

new series of morphisms {7(&) : M — > M^)}k>o as follows. For k = set M( ) := M^ s 
and 7(0) := 7m : M — > Mty. Now, for k > 0, assume that the scheme and a 

regular birational morphism 7^) : M — > M(&) are already defined. Consider the morphism 
7(fe+i) : = (7(fc),7m +fc+i) : M (fc) x M^ o s +fc+1 ) and let M [k+l) be the scheme-theoretic 

image of the morphism 7(fc+i) (in the usual sense of [61 II, Ex. 3.11(d)]), together with a 
regular birational projection 5k+i '■ M(u + \\ — > Mn^ such that 7^) = 5k ■ 7(jfe+i)- We thus 
obtain for any fc>la decomposition of the birational morphism 7( ) : M — > Mm into the 
composition 

7(o) = Si ■ ... ■ S k ■ 7 (fc ), k > 1. 
As 7(0) is a birational projective morphism, it follows that there exists an integer fc such 
that 7fc = 7fc and = ^ f° r k > k . We now define the space M^ ss and, respectively, the 
morphism 7 : M — > M^ ss as 

M »ss = MM ss (C) 5) . = M(jfco)) 7 := 7 fco : M — )• ikP ss . 

These definitions do not depend on m. 

5. Concluding remarks 

Let X be a smooth projective surface, and let D be a big and nef irreducible divisor in X. 
Let Ed be a locally-free sheaf on D such that there exists a real number Aq, < Ao < ^D 2 
with the following property: for any locally-free subsheaf F C Ed of constant positive rank, 
one has degci(F) < rk ^ degci + Aq. Considering as a sheaf on A, we say that 
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a framed sheaf (E,a: E — > Ed) is (D, Ex))-framed if (E,a) satisfies the condition of the 
definition of iS MSS (c, 5)*, that is E is locally free along D and ol\d is an isomorphism between 
E\£> and Ejj. It was shown in [1] that for any c £ H*(X,Q) there exists an ample divisor 
H on X and a real number 5 > such that all the (D, £^£>)-framed sheaves £ on X with 
Chern character ch(£) = c are (H, 5)-stable. As a consequence, one has a moduli space for 
(D, i?£>)-franied sheaves on X, which embeds as an open subset into the moduli space of 
stable pairs. These moduli spaces have been quite extensively studied in connection with 
instanton counting and Nekrasov partition functions (see [THl El S] among others). 

Let us in particular consider the open subset formed by locally-free (D, £ , £ ) )-framed 
sheaves on X. By restricting the previous construction to this open subset we construct 
a Uhlenbeck-Donaldson partial compactification for it (we call this "partial" because the 
moduli space of slope semistable framed bundles is not projective in general in this case). 
This generalizes the construction done by Nakajima, using ADHM data, when X is the 
complex projective plane. An extension to a general projective surface was hinted at in [15] 
but was not carried out. 
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